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Exact solutions exist to inverse gas-dynamic problems involving supersonic flows and 
planar shock waves [1-3], and there are also solutions for conical shock waves [4-8]. The 
bodies may be better than those equivalent in volume and length constructed from the stream 
lines behind the planar shock waves not only as regards load-carrying characteristics (for A 
wings) but also as regards resistance (in the case of stars). Naturally, a further develop- 
ment is to derive optimal bodies based on curvilinear shock waves. A method is proposed for 
extending gas-dynamic design principles by means of surfaces with variable curvature [9] and 
bodies of regenerative shape [I0]. A comparison has been made between wave riders having A- 
shaped cross sections and other bearing bodies formed by flow surfaces behind planar or 
axisymmetric shock waves [ii]. 

Here we present numerical solutions for the flow around wave riders based on parabolic 
shock waves. 

Calculation Method. Let the shape be known for an arbitrary attached shock wave (SW), 
where it is necessary to calculate the flow parameters behind it. We write the basic planar- 
flow equations in a rectangular coordinate system (the x axis coincides with the velocity 
vector for the unperturbed flow, and the y axis is perpendicular to the x axis and directed 
downwards): 
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Here Vxo and vy 0 are the components of the velocity vector along the x and y axes, P0 pres- 
sure, P0 density, z the specific-heat ratio, and v| pc, p| the unperturbed-flow param- 
eters. 

We supplement (i) with a condition for constant entropy along the stream lines: 

(I) 

We supplement (I) 
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and (2)  w i t h  

(2) v =  V d +  v~. 

Ogre Ogre Ogre ( 3 ) 
o'--T cos  (l, z )  + ~ c o s  (l, y) = o--f" 

where Ogm/Ol (m = l ..... 4, gz ~ vx, g2 = vv, ~ = P, g4 = P) are derivatives along a certain direc- 
tion at the SW, while cos(~, x) and c0s(2, y) are the direction cosines for that direction. 

We thus have a closed system containing eight linear algebraic equations in (1)-(3) in 
terms of eight unknown first derivatives for the flow parameters at the SW Ogm/Ox, agm/ay. 

We determine the unknown parameters behind the SW numerically from the values at it. We 
establish the range in which the body, at present unknown, affects the induced SW. We take 
this range as one and divide it up into N small equal parts Ax 0 (Fig. i: i SW, 2 charac- 
teristic, 3 stream line j - const, 4 i = const, 5 bottom section plane). The coordinates of 
the working points are xlj and Ylj (the points where the flow parameters are calculated), in 
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which the subscripts i = I, 1 ~] ~/V'q- I correspond to the calculation points on the SW (xlj ----- 
xlJ-1-~ Axo, Y11 =/(x~i), Y = ](x) is the SW equation). 

We denote the unknown flow parameters and their first derivatives at the working points 
by vxfj, vyij, p~j, PiJ, (OuJOx)u ... (0P/0y)u. The derivatives of those parameters with respect to the 
SW direction are calculated from (Ogre~el), i :- (gmij+1--gr, ij)/R~1 , l~ij-----]/'-Ax~ q-(Y~j+I--Y~j)~, and the 
direction cosines from cos [,l, x)ii = AXo/R~j , cos (l, y)~] = (Y~/+I- Y~])/Ru.. 

At the first step (for i = I), we derive the unknown first derivatives of the flow 
parameters at the SW from the algebraic equations. The second derivatives are calculated by 
differentiating each equation in (1)-(3) with respect to x and y. Then one obtains a system 
of 16 linear algebraic equations in the 12 unknown second derivatives (O2ux/Ox ', @~ux/Ox@y ... O~p/0y ~) 
and four unknown first derivatives of the direction cosines: 0 cos (/, x)/ax, O cos (/, x)/Oy, @ cos (l,- 
y)/Ox, a cos (/, y)/Oy. The first derivatives of the flow parameters are taken in this system 
from the solution to the system in terms of the first derivatives. 

In that way, one can calculate derivatives of any order, and then Taylor's formula 

g=~+lj = g ~ j  + \ 0z ]i j  Ax~j + , , .  + \ 0~ ~ ]~J Ay~j (4 )  

i s  u s e d  t o  d e r i v e  t h e  unknown  f l o w  p a r a m e t e r s  i n  t h e  s e c o n d  s t e p  b e h i n d  t h e  SW i + 1 = 2 ( 1  < 
j -< N) .  One s i m i l a r l y  c a l c u l a t e s  t h e  f l o w  p a r a m e t e r s  a t  t h e  n e x t  s t e p  ( i  + 1 = 3,  1 _< j _< N 
- 1) f r o m  t h e  known o n e s  on  t h e  l i n e  i = 2 a n d  s o  o n  up  t o  i = N, j = 1 ( F i g .  1 ) .  

The s t r e a m  l i n e s  a r e  t a k e n  a s  r e c t i l i n e a r  a t  e a c h  s t e p  w i t h i n  t h e  f l o w  b e h i n d  t h e  SW ( i  
> 1) a n d  a r e  a l i g n e d  t o  t h e  v e l o c i t y  v e c t o r  a t  t h e  p r e v i o u s  s t e p .  The i n c r e m e n t s  ax•  a n d  
Ayi j  i n  ( 4 )  a l o n g  t h e  x a n d  y a x e s  c o r r e s p o n d i n g l y  a r e  t a k e n  i n  o r d e r  t o  e n s u r e  a s t a b l e  
s o l u t i o n  s u c h  t h a t  t h e  c h a r a c t e r i s t i c  i n  t h e  f i r s t  f a m i l y  w i t h  r e s p e c t  t o  t h e  v e l o c i t y  v i i  
e m e r g i n g  f r o m  p o i n t  i + l j  p a s s e s  t h r o u g h  t h e  p o i n t  i j  + 1 ( F i g .  1 ) .  

The c o o r d i n a t e s  a t  p o i n t  i j  a r e  d e n o t e d  b y  x 1 a n d  Yl ,  a n d  t h o s e  a t  i j  + 1 b y  x z a n d  Y2, 
a n d  t h o s e  a t  i + l j  b y  x 3 a n d  Y3. The d i r e c t i o n  c o s i n e s  f o r  t h e  s t r a i g h t  l i n e  j o i n i n g  p o i n t s  
3 and i are 11= (x~--x,)/E1, m I = (Ys--Yl)/EI, El = [(xa--xl) ~ q- (Ys--~1,"~m'~, , and those for points 2 
and 3 are l~-----(x~- Xa)/E~, rn~ = (y~ ya)/E~: E.,-~ [(x z --x~) ~ ~-(y~- y~)~]0.~ and then the stability 
condition can be written as 
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IiI 2 + rnlm ~ = cos Fi i  

= = v ~ v 2 . . 1 o . 5 /  (sin~qj a. i j /v i jM|  a . i j ~  ]/rpij/pij,  v 0 [ x i j +  v,3J ~" 

' l~e o b v i o u s  r e l a t i o n s  xi  +lJ = x i i ' - ~ - A x i l ,  Yi +1i = Yii  " ~ A Y i i ,  AYi i  = v v i y / V x i ] A x i ]  h a v e  b e e n  u s e d  i n  
s o l v i n g  t h e  s y s t e m  b y  i t e r a t i o n  on Axi j .  

F i g u r e  2 shows t h e  b o d y :  1 s h o c k  wave ,  2 s t r e a m  l i n e ,  3 l e a d i n g  e d g e ,  4 c a r r y i n g  body .  

R e s u l t s .  A c o m p u t e r  p r o g r a m  was w r i t t e n  and  b o d i e s  were  c o n s t r u c t e d  h a v i n g  p a r a b o l i c  
shock  w a v e s ,  e q u a t i o n  x = a0y 2 (w ing  I I ) ,  and  t h e  a e r o d y n a m i c  c h a r a c t e r i s t i c s  were  c a l c u -  
l a t e d .  These  were  c o m p a r e d  f o r  i d e n t i c a l  v a l u e s  f o r  t h e  vo lume  W, l e n g t h  b ,  and  a n g l e  7.  
F r i c t i o n  f o r c e s  we re  n e g l e c t e d  i n  c a l c u l a t i n g  t h e  f r o n t a l  r e s i s t a n c e ,  w h i l e  t h e  b o t t o m  p r e s -  
s u r e  was t a k e n  as  a p p r o x i m a t e l y  e q u a l  t o  t h a t  i n  t h e  u n p e r t u r b e d  f l o w .  

The c a l c u l a t i o n s  we re  p e r f o r m e d  w i t h  N = 70 up t o  s e c o n d - o r d e r  d e r i v a t i v e s .  F o r  t h a t  N, 
t h e  f l o w  p a r a m e t e r s  c a l c u l a t e d  up t o  t h e  f i r s t  d e r i v a t i v e s  d i f f e r e d  f rom t h e  a n a l o g o u s  ones  
c a l c u l a t e d  up t o  t h e  s e c o n d  b y  l e s s  t h a n  2 . 5 ~ .  C a l c u l a t i o n s  on t h e  same p a r a m e t e r s  w i t h  N = 
40 d i f f e r e d  f rom t h e  l a t t e r  (N = 70) b y  l e s s  t h a n  3~, w h i l e  t h o s e  w i t h  N = 25 d i f f e r e d  f rom 
t h o s e  w i t h  N = 40 b y  8~. We a l s o  c a l c u l a t e d  t h e  e n t r o p y  and  t o t a l  e n t h a l p y  b e h i n d  t h e  p a r a -  
b o l i c  s h o c k  w a v e s .  The r e l a t i v e  e r r o r s  i n  t h e s e  p a r a m e t e r s  a l o n g  t h e  v a r i o u s  s t r e a m  l i n e s  
were  h u n d r e d t h s  o f  a p e r c e n t .  

F i g u r e  3 shows t h e  b o d y  s e c t i o n s  ( w i n g s  I I )  w i t h  t a p e r  a n g l e s  ( a n g l e s  b e t w e e n  t h e  u p p e r  
s u r f a c e s )  7 = 90 ~ w i t h  a symmet ry  p l a n e  ( a )  and  w i t h  p l a n e s  x ffi x 0 + 0 . 5 b  and  x ffi x 0 + b 
( b o t t o m  s e c t i o n )  ( b ) ,  whe re  x 0 i s  t h e  c o o r d i n a t e  a l o n g  t h e  x a x i s  f o r  t h e  p o i n t  a t  wh ich  t h e  
SW i s  a t t a c h e d  t o  t h e  l e a d i n g  e d g e .  The l o n g i t u d i n a l  s e c t i o n  i s  s l i g h t l y  c o n v e x  on t h e  
i n c i d e n t  s i d e ,  w h i l e  t h e  t r a n s v e r s e  s e c t i o n  i s  s l i g h t l y  wavy.  

F i g u r e  4 shows how t h e  l i f t  c o e f f i c i e n t  cy, a e r o d y n a m i c  q u a l i t y  f a c t o r  K, and  vo lume W 
( f o r  w i n g s  I and  I I )  v a r y  w i t h  a0, w h i c h  c h a r a c t e r i z e s  t h e  s h a p e  o f  a p a r a b o l i c  s h o c k  wave 
f o r  v a r i o u s  x 0 [H = 4; 1) x 0 = 0 . 7 ;  2) 0 . 8 5 ;  3) 1 ] .  As a 0 i n c r e a s e s ,  t h e  l i f t  c o e f f i c i e n t  
and t h e  vo lume  d e c r e a s e ,  w h i l e  t h e  a e r o d y n a m i c  q u a l i t y  f a c t o r  i m p r o v e s  b e c a u s e  t h e  i n c l i n a -  
t i o n  o f  t h e  s h o c k  wave and  t h e  b o d y  t h i c k n e s s  d e c r e a s e  a s  a 0 i n c r e a s e s .  As x 0 i n c r e a s e s ,  t h e  
cy = cy(a0)  , W ffi W(a0) c u r v e s  f a l l ,  w h i l e  t h e  a e r o d y n a m i c  q u a l i t y  f a c t o r  i m p r o v e s ,  s i n c e  a 
p a r a b o l i c  s h o c k  wave shows d e c r e a s e d  i n c l i n a t i o n  as  x 0 i n c r e a s e s .  

C a l c u l a t i o n s  we re  a l s o  p e r f o r m e d  on t h e  a n a l o g o u s  c h a r a c t e r i s t i c s  a s  f u n c t i o n s  o f  x 0 
[ F i g .  5: a 0 = 0 . 8 ;  1) M - 3 ; 2 )  4;  3) 5 ] ,  wh ich  showed t h a t  t h e  w ings  I I  h a d  a e r o d y n a m i c  
q u a l i t y  b e t t e r  t h a n  I t h r o u g h o u t  t h e  r a n g e  i n  x 0. As M i n c r e a s e d ,  so  d i d  t h e  l i f t  c o e f f i -  
c i e n t  and  v o l u m e ,  w h i l e  t h e  a e r o d y n a m i c  q u a l i t y  f a c t o r  f e l l ,  s i n c e  a g i v e n  SW s h a p e  c a u s e d  
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the thickness to increase with M. One obtains a distinct shape for each of the various M, 
a0, and x 0. The calculations also showed that the volume increases with ~, while the lift 
factor for the II wings and the aerodynamic quality factor remain virtually unchanged. 
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